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Tutorial 5

Exercise 1: Consider the following pushdown automaton M = (Q,X,[d,q;,C) where
Q=1{q1,92}, £ ={a,b,c}, I ={A,B, C}, and where the transition function 6 is given by the
following set of rules:

q1Ci>q1A q]Ai>q1AA q1Bi>q]AB qui)qz

9@C > @B @A-S @BA @B @BB qB - q;

qi1C - q, QA = A qi1B - q2B

The automaton M accepts by an empty stack.

Write down the sequence of all configurations through which the automaton M goes during
its computation on word abaacaaba.

Solution:
(q7, abaacaaba, C) $1C - qiA
— (q1, baacaaba, A) b, q1BA
— (g7, aacaaba, BA) %, q;ABA
— (q1, acaaba, ABA) %, qiAABA
— (q7, caaba, AABA) c
— (q2, aaba, AABA) or — QAABA
— (g2, aba, ABA) T’ q2ABA
— (qz, ba, BA) — 2BA
— (q2> a, A) L) qu
— (42, & € L q

Exercise 2: For each of the following languages construct a pushdown automaton accepting
the given language.

The constructed automata can be nondeterministic. For those languages where it is possible,
try to construct a deterministic pushdown automaton.

Remark: Tt can be reasonable to start with an informal description of behaviour of your
proposed automaton for the given language. This description should be detailed enough to
make clear how the automaton works. Then for at least some of these languages finish the
detailed constuction of the automaton where you write down the formal description of the
automaton, i.e., all its states, transitions, etc.

a) {wwk | w € {a,b}*}
b) {a"®™ | n > m}

c) {a™bicbd | n=1+j}
Remark: The alphabet is {a, b, c}.

d) {w e{a,b}* | wla > Wl }

e) The complement of the language {a™b™ | n >0}
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Solution:  Pushdown automaton M = (Q, X, ]9, qo, X) accepting by an empty stack,
where Q ={qo, 91,92, 93}, £ ={a,b}, ' = {X; A}, and where the transition function & is
given by the following set of rules:
QX —5 GoAX  goX — qaX
b
GoA 5 qoAA  qoA — q qoA —— q3A
b
qiX = q2X @i X — 42X
b
MA = q2A QA — q; MA — q3A
a b
QX -5 qoX X —= q2X QX - q3X
qu L) qu qu L) qu qu L) qu
a3A — 43 43X — g3
Remark: The same automaton will work also for acceptance by an accepting state if we
choose F ={q3}.
f) {wex | wyx € {a,b}* and WR is a subword of word x}
Remark: The alphabet {a, b, c}.
g) {wiewze---cwy | k > 1, for each wj it holds that w; € {a, b}*, and there are some

i and j such that w; = w]R}

Remark: The alphabet is {a,b,c}. Note also that for the given i and j, it can be true
that i =3.

Solution: ~ Pushdown automaton M = (Q, X, T8, qo, X) accepting by an empty stack
where Q = {qo, q1, 92, 43, 94, g5, 96}, £ = {a, b, c}, I' = {X; A, B}, and where the transition
function & is given by the following set of rules:
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qoX — q1X
QX == q1X

QX 5 qAZ
42X -5 g5X
DA -5 R AA
QA =5 gsA
q:B — q,AB
q,B % qsB

43X — X
GA = QA
3B — quB
qaX — qaX
QA — qaA
4B = q4B

qsA —— gs

qeX — qeX

CIOXL> q1X
Q1XL> q1X

q2X b, q2BZ
42X — g5X
qu L quA
@A 2 qsA
q2B -2 q,BB
q2B LN qsB

43X - qaX
qsA LN gaA
3B —> qsB
44X — X
QA 2 qiA
4B —2 q4B

qsB L qs

b
qeX — X

qoX — qoX
41X — qoX
qZX L) q3X

DA —— q3A

qu L> qu

43X —— g3X
q3A — q3A
q3B — q3B
q4X L) q3X
qaA — q3A
44B — q3B
gsX — geX
qeX — qeX

qoX —— q2X

42X —— gsX
QA — g5A

q2B — qsB

43X —— gsX
q3A — q5A
q3B — qsB

45X —— qe

46X — qe

Remark: The same automaton will work also by acceptance with an accepting state if we
choose F ={qg¢}.

Exercise 3: Construct a pushdown automaton M accepting the language generated by the
following context-free grammar G (i.e., such that £L(M) = L(G)):

S — ¢|AS
A — aAb|B
B — ¢|bB

Write down a derivation of word aabbabbb in the grammar G and some accepting compu-
tation of the automaton M over this word.

Can you see some correspondence between this derivation in the grammar G and the compu-
tation of the automaton M?

Solution: Pushdown automaton M = (qo, L, [; 8, qo,S) where £ ={a,b}, ' ={S, A, B, a,b},
and where the transition function 6 is given by the following set of rules:

q0S —— do qoa — do
qoS —— qoAS dob —= qo
qoA —— qoaAb

doA — qoB

qoB — qo

qoB — qobB
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qoS L> quS
5 qoaAbS
— qoAbS
5 qoaAbbS
5 qoAbbS
S=AS 5 qoBbbS
= aAbS AN qobbS
= aaAbbS b
~ aaBbbS 7 dobS
= aabb$ — oS
= aabbAS 5 qoAS
= aabbaAb$S —5 qoaAbS
= aabbaBb$ — qoAbS
= aabbabBbS L> qoBbS
= aabbabbBbS £, qobBbS
= aabbabbb$ b
= aabbabbb —7 QoBDbS
— qobBbS
25 qoBbS
L) qobS
L qOS
e do

Exercise 4: Consider the following construction: For the given pushdown automaton M =
(Q, X%, I8, qo,Zo, F), which accepts using accepting states, we construct a pushdown auto-
maton M’ = (Q,Z,T;8’, qo,Zoy) accepting by an empty stack, where &’ constains the same
transitions as function d, to which we add additional transitions of the form

aX =4
for each q € F and each X € T.
a) Show that the constuction described above does not in general lead to a construction of
an equivalent automaton, i.e., give an example of a concrete pushdown automaton M

such that when we apply this construction to it, we obtain an automaton M’ such that

LIM) # L(M).

Solution: For example pushdown automaton M = (Q, L, T[]0, qo, X, F), accepting by ac-
cepting states, where Q = {qo, q1,92}, £ ={a,b,c}, ' = {X; A, B}, F = {qz}, and where
the transition function & is given by the following set of rules:
a a b b
qoX — q1AX QA — 1AB qiB — qy q2B — q2B
b b
QA — q X ——ds qX = gaX
QA — q2A

This automaton accepts the language

L={a"b" |n>1} U {a"c|n>1}.
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After perfoming the transformation described above, the automaton M’ will accept all
words from the language L but also all words of the form a™cb™ wheren > 1 and m > 1.

b) Propose how to modify this construction in such a way that it ensures that the resulting
automaton will be always equivalent to the original automaton, i.e., that for an arbit-
rary pushdown automaton M accepting by an accepting state this modified construction
always produces a pushdown automaton M’ accepting by an empty stack such that

LIM) =L(M).

Solution: For a pushdown automaton M = (Q, I, T; §, qo, Xo, F) that accepts by accepting
states, we can construct an automaton M’ = (Q’, X, T’,8’, q{, X})accepting by an empty
stack where:

e Q' =QuU{q}, qr} where qj and q¢ are new states that do not occur in Q,
o I'" =T U{X{} where X] is a new pushdown symbol that does not occur in T,
e b’ contains all rules from & and also the rules

— qpXs = qoXoX§,

— qX —= q¢ for each q € Fand X € I,

— qiX == g for each X € T,

Exercise 5: Determine for each of the following languages if the given language is (i) regular,
(ii) context-free. Justify your answers at least informally.

a) {w € {a,b}* | w does not end with suffix baa and w|, mod 3 =2}
Solution: Regular, context-free.

b) {d | j is a power of number 2}
Solution: Non-regular, non-context-free.

c) {w e {0,1}* | wis a power of number 2 written in binary }
Solution: Regular, context-free.

d) the language described by regular expression a*b*c*
Solution: Regular, context-free.

e) {w € {a,+}* | wis generated by grammar S — S+S| a}
Solution: Regular, context-free.

f) {w e{a,+, (,)}* | wis generated by grammar S — S+S | (S) | a}
Solution: Non-regular, context-free.

g) {a™b™ | (mmod 3) > (nmod 3)}

Solution: Regular, context-free.
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h) {a™bd™ | n #m}
Solution: Non-regular, context-free.

i) {a™d™ | myn >0, 5m+3n=24}
Solution: Regular, context-free.

j) {a™™ | myn >0, 5m—3n=24}
Solution: Non-regular, context-free.

k) {W € {O—)b)C}* | |W|<1 - |W|b - |W|C}
Solution: Non-regular, non-context-free.

) {we{a,b,c} | wla > Wl and (wly > wle }
Solution: Non-regular, non-context-free.

m) {w €{a,b,c}" | wlg > Wlp or (Wl > [wlc }
Solution: Non-regular, context-free.

n) {a"b™ckd’ | 2n =3k or 5m = 7¢}
Solution: Non-regular, context-free.

o) {a*b™ckd' | 2n =3k and 5m = 7}
Solution: Non-regular, non-context-free.

p) {a™b™ckd | 2n = 3m and 5k = 7¢}
Solution: Non-regular, context-free.

q) {a"b™ckd' | 2n = 3¢ and 5k = 7m}
Solution: Non-regular, context-free.

r) {ww | w€{a,b}}
Solution: Non-regular, non-context-free.

s) {wwR | w € {a,b}*}
Solution: Non-regular, context-free.

t) {ww | we{a}

Solution: Regular, context-free.



