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Lecture outline
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Space and Time Trade-Offs

B-trees



B-trees — motivation

- Processing a large amount of structured records (that can
be identified by a unique key) that exceeds the available
operating memory.

- Data must be stored in external memory, so-called "on
disk”,

- The disk offers only a sequential file.

- We are looking for a data structure that allows efficient
searching, inserting, and deleting records in such a file.

- The answer is to trade off memory complexity for time
complexity, in other words, we increase memory
complexity (we sacrifice extra memory) to reduce the time
complexity of operations.
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B-tree of order n is a (2n + 1)-tree that satisfies the following
criteria:

1. Each page contains at most 2n keys.
2. Each page, with the exception of the root, contains at least
n keys.

3. Each page is either a leaf page, i.e. it has no children, or it
has m + 1 children, where m is the current number of keys

in the page.
4. All leaf pages are on the same level. In other words, the
tree is perfectly balanced.

Published by Rudolf Bayer in 1972 [1].
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B-trees — page schema

- Nodes in a B-tree are

["H Ry | - ’?an traditionally called pages.

/ - The number of keys in a page

[
/

Po

\ ranges from n to 2n, with the
/ \, \ exception of the root node.
P " Pan-r Pan - Keys in a page are sorted, i.e,
RysR,s- <R, .

- For keys in the subtrees referenced by pointers p, ..., p,,,

the following holds

<k < <h <. < <
Kpo £1¢ 2 KP1 S szn-1 < kyp € szn’

where K, is the set of all keys in the subtree rooted at the
page referenced by p;.
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B-trees — example
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- From the definition, it is clear that a B-tree does not have
to be completely filled. The fill factor varies from 50 % to
100 %.

- Free space in the tree allows for easy insertion of
additional keys.

- Thanks to the tree structure, search, insert, and delete key
operations in a B-tree can be performed with logarithmic
time complexity.

- B-tree algorithms are a generalization of binary search
tree algorithms.
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B-trees - alternative definition, variants

- The above definition only allows B-trees with a maximum
capacity of 2n keys, i.e,, an even number.

- However, the maximum capacity can be any number, even
odd.

- Some definitions denote the maximum capacity using the
number n.

- The number of keys in a page thus varies from [%] to n.

- The goal of our definition is easy understandability of the
B-tree operation principles and simple notation.

- Sometimes, one can also encounter a definition where the
number n denotes the maximum number of children, not
the number of keys in a page.
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B-trees - variants

B*-tree

B*-tree

- all keys are stored only in leaves
- leaves are mutually linked by pointers -

faster operation with contiguous key ranges,
"find all keys between 100 and 200"

- in Levitin's book [2] is as a B-tree described

precisely this variant.

- a page must be filled to at least two thirds,
- when inserting a key into a full page, keys are

first moved between siblings,

- results in a smaller number of page splits.
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B-trees — searching for a key x

1. At the beginning of the algorithm, we mark the root page
as the current page P.

2. If page P does not exist, the search ends in failure.

3. Otherwise, assume that page P contains m keys R,,..., R

m

and corresponding child pointers py,...p,,. Then:

31

3.2
33
34

If x = k;, for some 1 <i < m, then the search ends in
success.

If x < k,, then P = p, and back to point 2.

If x >k, then P =p and backto point 2.

Otherwise, we find such i, 1 <i < m, for which it holds that
R, < x <R, .. Then P = p, and back to point 2.
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Examples of B-tree operations

[k1 Ry | - kznl
] In examples we will use B-tree for
/ n = 2, meaning each page contains

[ |
/ / \ \ at least 2 and at most 4 keys.
Po Py 7 P Pop

Furthermore, each page refers to at least 3 and at most 5
children. The exception is the root of the tree.
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Example of searching in a B-tree - finding the key 50

Procedure

1. We start the search in the root R, so P = R.
2. Page P exists, we proceed to the next point.
3. Because x = k2 the search ends in success.
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Example of searching in a B-tree - search for 3

A3 5 Bzl € (5 Tes e8] 70
.- .- l ) )

Procedure

We start the search in the root R, thus P = R.
Page P exists, we proceed to the next point.
Since x <R, then P =p, = A

Page P exists, we proceed to the next point.
Since x = R, the search ends in success.

i W N S
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Example of searching in a B-tree - search for 45

A3 5 Bzl € (5 Tes e8] 70
.- .- l ) )

Procedure

We begin the search at the root R, thus P = R.
Page P exists, we proceed to the next point.
Since R, <x <Rk, thenP=p, =B.

Page P exists, we proceed to the next point.
Since x = R, the search ends in success.

i W N S
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Example of searching in a B-tree - search for 57

A2357 B172245 C55666870

Procedure

oy Gl & W RN =

We begin the search at the root R, thus P = R.
Page P exists, we proceed to the next point.
Since x > k,, then P =p, = C.

Page P exists, we proceed to the next point.
Since R, < x < k,, then P =p, = null.

Since P does not exist, the search ends in failure. /
115/193



B-trees - inserting key x

1. First, it is necessary to determine, using the search
algorithm, the leaf page L where the key x will be inserted.
2. Two cases can occur:
- Page L is not completely filled — key x is inserted into the
page so that the ordering of keys is preserved.
- Page L is completely filled, then
21 key x is sorted (e.g, in an auxiliary array) among the keys
from page L so that the ordering of keys is preserved. We

obtain a sequence of 2n + 1 keys R} < R} <R

’
2n+1

2.2 anew page P is created, with the same parent R as L
2.3 distribution of keys to pages

Keys Action
Ry .r R remain in page L
k. !nsert fnto parent page R
& opoolye insert into new page P
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B-trees - insertion algorithm, notes

- The process of creating a new page and redistributing keys
is called page splitting.

- By inserting the key Rk, . into the parent page R, the
number of keys in this page increases, which in turn
increases the number of references to the child pages of
this page. Without moving R, ,, the page R would lack a
free reference for attaching the page P.

- The insertion of the key R, into page R is performed
using the same algorithm as the insertion of key x into L.
The insertion of R, . can cause the page R to split.

- Page splitting can lead to the creation of a new root of the
entire tree, which is the only way for a B-tree to increase
its height.
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Example of Insertion into a B-Tree

- In this more extensive example, we will gradually build a
B-tree with the same parameters as in the search example.

- We will gradually insert the keys 3, 22, 10, 2, 17, 5, 66, 68, 50,
7,55, 45, 70, 44, 6,21, 67,1, 4, 8, 9, 12, and 15 into the tree.

118/193



Example of insertion into a B-tree - insertion of keys 3, 22 and

10

Insertion of key 3 Insertion of key 22

E 1 [s]z2] | |
[ ) [ )

Insertion of key 10
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Example of insertion into a B-tree - insertion of key 2

[2 3110 221

[ )

The page is completely full, inserting any additional key will
cause a change in the structure of the B-tree.
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Example of insertion into a B-tree - insertion of key 17

anEEs

Gt

By inserting the key 17, the following occurred:

1. the page L was split and half of the keys were moved to a
new page P,

2. a new root page R was created and the key 10 was moved
to the new root.
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Example of insertion into a B-tree - insertion of key 5

[10 1
Ly )

.

[ ) )
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Example of insertion into a B-tree - insertion of key 66

[10 1
Ly )

.

[ ) )
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Example of insertion into a B-tree - insertion of key 68

[10 1
L )

BEER (17]22 [ 66 | 68]

[ ) )

The page with keys 17 to 68 is completely full, inserting another
key into this page will cause a change in the structure of the
B-tree.
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Example of insertion into a B-tree - insertion of key 50

aaE FEL T e 1)

By inserting the key 50, the following occurred:

1. the page split and half of the keys were moved to a new
page, and
2. at the same time, the newly inserted key 50, being the

median of the values in the original page, was moved to

125/193
the root page.



Example of insertion into a B-tree - inserting key 7

Jrih dirD G

The page with keys 2 to 7 is completely full, inserting another

key into this page will cause a change in the structure of the
B-tree.
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Example of insertion into a B-tree - insertion of key 55
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Example of insertion into a B-tree - insertion of key 45
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Example of insertion into a B-tree - insertion of key 70

junnnficuuunilasuun

The page with keys 55 to 70 is completely full, inserting another

key into this page will cause a change in the structure of the
B-tree.
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Example of insertion into a B-tree - insertion of key 44

Giifh (i i

All leaf pages are completely filled, inserting any additional key
will cause a change in the structure of the B-tree.
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Example of insertion into a B-tree - insertion of key 6

Upon inserting key 6, the following occurred:

1. the page split and half of the keys were moved to a new
page, and

2. simultaneously, key 5 was moved to the root page.
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Example of insertion into a B-tree - insertion of key 21

(Tol=[)

[ol7] T] (2] T 1
) i) arrny i) L)

Upon the insertion of key 21, the following occurred:

1. the page split and half of the keys were moved to a new
page, and
2. key 22 was moved to the parent page.

3. At the same time, the root page of the tree became full.
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Example of insertion into a B-tree - insertion of key 67

[ ‘3‘ ‘ 1 [6‘7‘ ‘ W 17‘21‘ AA‘AS‘ 55‘66 68‘70 ‘
\

(1) CLIETT) [HH] [HH] [HH] CLITT)
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Example of insertion into a B-tree - insertion of key 67 (cont.)

Upon inserting key 67, the following occurred:
1. the page split and half of the keys were moved to a new
page, and

2. simultaneously, the newly inserted key 67, being the
median value in the original page, was moved to the
parent page.

3. Since this page was also fully occupied, it split, resulting in
the creation of a new root page with a single key 22.
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Example of insertion into a B-tree - insertion of key 67 (cont.)

Remarks

- At this point, the B-tree’s fill factor reaches its minimum
value of approximately 50%. The B-tree has maximum free
space for inserting additional keys.

- However, the minimal filling of the B-tree will cause the
removal of any key to result in page merging, including the
cancellation of the root and a subsequent decrease in the
height of the B-tree’.

'See the next part of the presentation

135/193



Example of insertion into a B-tree — insertion of additional keys

Into the tree were further inserted keys 1, 4, 8, 9, 12, 15 and 46.
The order of key insertion, in this case, does not matter.

9 2] v]2) [au]us]46] ] [ssTes] | ) [ss]0] T ]
\

) Iy i) Ccfrry i)
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B-trees — deletion of key x

1. First, it is necessary to find the key x in the tree.

2. Let us denote the page with key x as P.
3. Two cases can occur:

- page P is an internal page of the tree or
- page P is a leaf page.
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B-trees — deletion of key x from internal page P

1. We replace key x in page P with the closest larger key y to
it.

2. Key y must be located in the subtree with keys greater
than x and, at the same time, is the smallest among these
keys, so it must be located in a leaf page.

3. We have thus reduced the deletion of key x from an
internal page of the tree to the deletion of key y from a
leaf page of the tree.
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B-trees — deleting key x from leaf page P

1. We delete key x from page P.

2. If page P still contains at least n keys after deletion, the
deletion process is terminated.
3. If P then contains only n - 1 keys, we must replenish the
missing key.
31 We determine the number of keys in the sibling page of P.

We denote the sibling as S. The common parent of pages P
and S is denoted as R.
3.2 If there are more than n keys in S, then

3.21 we move the nearest larger key than x from R to P and
3.2.2 we move the smallest key from S to R.

3.3 If there are exactly n keys in S, then
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B-trees - deleting key x from leaf page P (cont.)

3.31 we move keys from page S to page P and obtain one page
with 2n - 1 keys.

3.3.2 We eliminate page S.
3.33 In page R, there is now one redundant pointer to a page. We

move the nearest larger key than x from R to page P, which
now contains exactly 2n keys.
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B-trees - deleting key x from leaf page P (cont.)

Remarks

- Usually, we choose a sibling with larger keys than x, i.e.,
the sibling to the “right” of P. In the previous explanation,
we assumed this choice.

- However, it is possible to choose a sibling with smaller
keys, i.e., the one to the “left” of P. The further procedure
is a mirror image of the “right” sibling.

- The process of moving keys from S to P and subsequent
elimination of page S is called page merging.

- The process of page merging can continue progressively

up to the root of the tree and may lead to the extinction of
the current root of the tree. The new root of the tree will

then be the page resulting from the merging process. The
B-tree thus reduces its height. G



Example of deletion in a B-tree - initial B-tree

TW [12‘15‘17‘211 [AQ‘AS‘AB‘ W [55‘6‘6‘ ‘ 1 [68‘70‘ ‘ W

) ) I i) frr) Lrr)

In this state, we have left the B-tree at the end of the example

of inserting keys into the B-tree. Now we will gradually delete
keys from the B-tree.
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Example of deletion in a B-tree - deletion of key 3

Key 3 is located in a leaf page, where there are enough keys to
simply delete key 3. This results in the following B-tree.

[Tz]«T ] [e
(Irrr) d

9 2] v]2) [au]us]46] ] [ssTes] | ) [ss]0] T ]
\

) Iy i) Ccfrry i)
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Example of deletion in a B-tree - deletion of keys 7 and 8

In the same way, we delete keys 7, 8 and obtain

[z« ] M\H (2] ]2) [w]es]eo] ) H\H [eof o] T
arri ity oIrrpn orrr) afrr) Lind
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Example of deletion in a B-tree - deletion of key 6

1. After deleting key 6, page P contains n -1 =1 key, number
9.

2. Sibling S contains more than n keys.

3. The nearest larger key than 6, i.e. 10, is moved from R to P.

4. The smallest key from S, i.e. 12, is moved to R.

(LT "Ll 1) felv]a]) [se]es]se] ] [ssfeo] T 1 [T\/‘O ‘\

]
(rr ity it i) ity [145/193




Example of deletion in a B-tree - deleting key 22

1. Key 22 is located in the internal page P, see the following
figure.

2. We replace it with the nearest larger key — larger keys than
22 are in the subtree rooted at page A. From there, we
proceed to the leftmost leaf page, in our case to B.

3. We select the smallest key in B, i.e., 44.

4. We have thus reduced the deletion of key 22 to the
deletion of key 44.

5. After performing all operations corresponding to the
deletion of 44 (in this case, it only involves deleting 44
from page B), we replace key 22 with key 44.
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Example of deletion in a B-tree — deleting key 22 (cont.)

[W‘Z‘A‘ 1 [9‘10‘ ‘ 15‘17‘2W 8 105‘106‘ 55‘66 58‘70 ‘

]
arri oty oIrrpn orrr) afrr) i)
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Example of deletion in a B-tree - deletion of key 46, phase |

State of the B-tree before deletion begins

[T2]=T ] (ool T1 [T “felel 11 (s 1) fse]o] T ]
rr ity oIrrpn orrr) afrr) Lin)
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Example of deletion in a B-tree — deletion of key 46, phase |

(cont.)

. After deleting key 46, page P contains n - 1 keys, i.e,, only

key 45.

. Sibling S contains exactly less than n keys, we must merge

pages.
We move all keys from S to P.

Page P is the first child of page A, so we also move the first
key from A to P.
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Example of deletion in a B-tree — deletion of key 46, phase |

(cont.)

Result of phase 1

[Tz]«T ] (ool T1 [Tl “felsfsle)  *(T1 1) [es]o T 1
(rr it Irrn rrr) afrr) Lrin)
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Example of deletion in a B-tree - deletion of key 46, phase Il

1. In page A, only n - 1 keys remain, which contradicts the
definition of a B-tree.

2. Sibling B contains exactly n keys, so we must also perform
page merging at this level.

3. We move key 67 from page A to page B.

4. And similarly, we also move one key from the parent page
C to B.

5. This results in the elimination of the root page and a
decrease in the height of the B-tree.
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Example of deletion in a B-tree - deletion of key 46, phase Il
(cont.)

[T‘Z‘L«‘ 1 9‘10‘ ‘ 15‘17‘21‘ 105‘50‘ ‘

(TTT)
C(Lrro rirn Galirn Crrin) [HH] [HH]
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Example of deletion in a B-tree - deletion of key 46, result

[ Tefwl)

(Q‘WO‘ ‘ 1517 21‘ 45‘50‘55‘66]
|

) LD arrny L) il
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Example of deletion in a B-tree - deletion of keys 1, 17, and 55

Keys 1, 17, and 55 are located in leaf pages, where there is a
sufficient number of keys to simply delete them.

(Tefwl)
Fnnn

(9%0‘ ‘ 1521 ‘ 45‘50‘66‘

]
) Ly Garrny i) L)
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Example of deletion in a B-tree - deletion of key 44

1. Key 44 is located on an internal page.
2. We replace it with the nearest larger key, i.e. key 45.

Resulting tree

" Telele)

(o] T ] [s[a] T 1
) i) Garry i) Cril)

The B-tree is now in a state where the leaf pages are filled to
the minimum acceptable level. Deletion of any key will cause
page merging.
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Example of deletion in a B-tree - deletion of key 4

1. After deleting key 4, page P contains only n - 1 keys.

2. Sibling S contains exactly n keys.

3. We move the keys from S to P.

4. We also move key 5 from the parent page R to P, because
otherwise one child pointer in R would be redundant.

Resulting tree

(TTT) [l T [sofes[ T ]
) i) i) ity L)
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Example of deletion in a B-tree - deletion of key 45

The tree before deleting key 45

[elele]

1. Key 45 is located in the internal page R.
2. We replace it with the next larger key, i.e., key 50.
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Example of deletion in a B-tree - deletion of key 45 (cont.)

3. This reduces the deletion of key 45 to the deletion of key
50.

After deleting key 50, page P contains only n - 1 keys.
Sibling S contains exactly n keys.

We move keys from S to P.

~ o v &

We also move the next larger key than 45, i.e., key 57, from
parent page R to P, because otherwise one child pointer in
R would be left over.
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Example of deletion in a B-tree - deletion of key 45 (cont.)

Resulting tree

T
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Example of deletion in a B-tree - deletion of key 15

After deleting 15, there remained only n - 1 keys in page P. We
must therefore move one key from page S through page R.
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Example of deletion in a B-tree — deletion of keys 9, 10 and 67

Deletion of keys 9, 10 and 67 is very simple.
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Example of deletion in a B-tree - deletion of key 2

After deleting 2, there are only n - 1 keys left in page P. The
sibling S contains n keys, so page merging occurs.

[;IIII

_—

P S
511212150

L) el di)

HR

[ | ]
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Example of deletion in a B-tree - deletion of key 70
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Example of deletion in a B-tree — deletion of key 70 (cont.)

After deleting 70, page P is left with only n - 1 keys. Sibling S
contains more than n keys, so a shift of 66 from R to P occurs
and the nearest smaller key from S to R.

5[5 2|2 | P[66 68 |
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Example of deletion in a B-tree — deletion of key 21

Deletion of key 21 is very simple.

[50 1
L )
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Example of deletion in a B-tree - deletion of key 5

Deletion of key 5 is evident.

| 1
[ )

g (125066 | 68] S[ |
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Example of deletion in a B-tree — deletion of key 5 (cont.)

Page P has become the new root, and simultaneously the only

page, of the B-tree.

: (1250

66

68 |

[

)

Deletion of keys 12, 50, 66, and 68 is now a trivial matter.
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Thanks for your attention
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